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The gauge-independent phenomenon of color confinement in Yang-Mills theory likely manifests itself
differently in different gauges in terms of the gauge-dependent correlation functions. Therefore, the
relation of the infrared structure of the theory to the correlation functions may differ in different gauges.
To understand this dependence classes of gauges that are controlled by a single gauge parameter are
particularly useful. We present results on propagators and the color-Coulomb potential for the so-called
-gauges, which interpolate between the (minimal) Landau gauge and the (minimal complete) Coulomb
gauge. Results are reported for the SU(2) lattice gauge theory in three and four space-time dimensions. We
investigate especially intermediate and low momenta. We find a continuous evolution of all quantities with
the gauge parameter, except at zero d-momentum.
DOI: 10.1103/PhysRevD.84.114501 PACS numbers: 11.15.Ha, 12.38.Aw, 14.70.Dj
I. INTRODUCTION
The investigation of the confinement mechanism in
QCD and Yang-Mills theory has progressed during the
last decade, but remains an unsolved and challenging
problem (see e.g. [1] for a brief review). A particularly
important question is whether the description in terms of
correlation functions differs in different gauges. This can
be rephrased as the question of how in different gauges the
gauge-invariant signals of confinement, like the mass gap
in the physical spectrum and the Wilson string tension,
emerge from the correlation functions of gluons.
This question has been investigated in various gauges,
with different degrees of sophistication, methods, and ob-
servables. Still, at the present stage it is not yet clear to
what extent the pertinent qualitative features of correlation
functions are gauge-dependent, though they certainly dif-
fer to some extent in different gauges.
For a full understanding of the description of confine-
ment in terms of gluonic, and thus gauge-dependent, de-
grees of freedom, it is thus necessary to understand this
mutability among different gauges. For such a task, classes
of gauges are of special interest which offer parameters to
deform the gauge condition smoothly. This allows one to
track the changes of correlation functions along the gauge
orbit.
One such class are the -gauges [2,3], defined by the
gauge condition
@0AaðxÞ ¼ 0; @0  ð0@0; . . . ; d1@d1Þ; (1)
where d is the number of space-time dimensions and the
’s are a set of gauge parameters. E.g., the Landau-gauge
case will be given by  ¼ 1 for all . In principle, it is
necessary to add a prescription for dealing with Gribov-
Singer effects [4,5]. We employ here theminimal extension
of the perturbatively defined gauge (1) to the nonperturba-
tive domain by selecting a random Gribov copy among all
Gribov copies belonging to the first Gribov region. This
region is defined by those gauge copies for which the
associated Faddeev-Popov operator, defined below in
Eq. (3), is non-negative.
Clearly, if one of the ’s identically vanishes, the gauge
condition is similar to a would-be Coulomb-gauge, but has
to be supplemented by further constraints to yield even a
perturbatively complete gauge condition. In contrast, a
complete Coulomb gauge condition is obtained by per-
forming a limit  ! 0 for a certain  [6]. It is not clear,
whether the different lattice definitions of a perturbatively
complete Coulomb gauge [6,7] yield coinciding correla-
tion functions in a finite volume. The results we present
here indicate that this may be the case, at least for a
subclass of these definitions. However, in case of suffi-
ciently nonsmooth completions of the Coulomb gauge
some effects could be present [7]. We will return to this
question at the end of Sec. IV.
Here, we will concentrate on Landau-like -gauges, in
which we choose only one of the ’s different from 1. As
the lattice calculations presented here will be performed in
Euclidean space-time at zero temperature, the direction is
irrelevant, but will conventionally be chosen to be the time
direction. Therefore, we set 0 ¼  and 1 ¼ 2 ¼ . . . ¼
d1 ¼ 1 henceforth.
In these gauges the simplest correlation functions are the
gluon propagator and the Faddeev-Popov-ghost propaga-
tor. We will use here lattice gauge theory to determine
these propagators in the case of SU(2) Yang-Mills theory.
Furthermore, in Coulomb gauge there exists an additional
color-Coulomb potential that bounds the conventional
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Wilson potential from above [8]. A confining color-
Coulomb potential is thus a necessary condition for con-
finement, and we shall also investigate how this potential
develops from Landau to Coulomb gauge. There exists an
associated order parameter, the so-called residual gauge
symmetry order parameter [9], which signals whether the
residual-gauge-symmetry that exists in Coulomb gauge is
unbroken. Also, its evolution with the gauge parameter 
will be determined here.
A word of caution is due here. The behavior of the
correlation functions in the asymptotic infrared domain
has not yet been completely explained even in Landau
gauge. In fact, despite great effort invested in analytic
[10–13] and numerical [14–17] studies, a consistent de-
scription unifying the different approaches is still being
elaborated. For recent reviews of analytic and lattice
studies, see, respectively, [18–21]. Since the gauge-fixing
process in the interpolating gauges is even more computa-
tionally expensive than in ordinary Coulomb or Landau
gauge, it will not be possible here to reach volumes permit-
ting to answer the question whether a scaling-type or a
decoupling-type behavior is observed for general
-gauges. The main interest is, therefore, on the general
deformation of the relevant quantities with the gauge pa-
rameter. Note that functional-equation studies predict the
existence of a scaling-type solution in these gauges in four
dimensions [22]. For three dimensions, this will be shown
in the Appendix A 2. Following the lines of the argument
given in [18], it is easily conceivable that also a decoupling
type of solution exists in this class of gauges. In any case,
we will not attempt to settle this question here.
The lattice definition of the -gauges and the details
of the production of the corresponding configurations
are outlined in Sec. II. The results for the propagators are
presented in Sec. III. Definitions of the propagators are also
introduced there. Results for three dimensions are given in
Sec. III A, while those for four dimensions are given in
Sec. III B. Definitions and results for the color-Coulomb
potential and associated quantities will be discussed in
Sec. IV. A summary is given in Sec. V.
The results presented in this paper extend earlier studies
[23]. In particular, we complement our previous investiga-
tion [6], in which a qualitative difference of some parts of
the gluon propagator was observed in d ¼ 4. Some pre-
liminary results were presented in Ref. [24]. See also [25]
for investigations of other setups and quantities in this type
of gauges.
II. DEFINITIONS AND SETUP
Generation of gauge-fixed configurations
Minimal -gauges on the lattice are a straightforward
generalization of the conventional minimal Landau gauge
[23,26]. In particular, to fix the gauge, a gauge transforma-
tion gðxÞ is determined, which minimizes the functional
"ðgðxÞÞ ¼ 1 a
d
2dV
X


X
x
tr½UgðxÞ þUgþ ðxÞ: (2)
Here, a is the lattice spacing and V ¼ Nd the lattice
volume. U 2 SUðNcÞ, with Nc ¼ 2 for the present
SU(2) case, is a link variable in the lattice configuration
of the gauge field, and its gauge transform Ug is given by
UgðxÞ ¼ gðxÞUðxÞgþðxþ a~eÞ:
For a more detailed discussion of this gauge condition, in
particular, for the limit of ! 0 and the connection to
Coulomb gauge, see [6].
Minimizing the above functional guarantees that the
gauge-fixed configuration is within the first Gribov hori-
zon, defined by the first null eigenvalue of the lattice
Faddeev-Popov operator
Mabðx; yÞ!bðyÞ ¼ xy
X



Gab ðyÞ½!bðyÞ !bðyþ eÞ
Gab ðy eÞ½!bðy eÞ !bðyÞ
þX
c
fabc½AbðyÞ!cðyþ eÞ
 Abðy eÞ!cðy eÞ

;
Gab ðxÞ ¼ 18 trðfa; bg½UðxÞ þUðxÞ
þÞ;
Aa ¼
ﬃﬃﬃﬃ

p
4ia
trðaðU Uþ ÞÞ þOða2Þ; (3)
with a the generators of SU(2). As said above, we select
always a random copy from the set of Gribov copies
satisfying the constraint in Eq. (1) through the minimiza-
tion of the functional in Eq. (2), thereby implementing the
so-called minimal version of all of these gauges.
The functional (2) can be minimized using the same
methods as in Landau gauge [26]. In particular, a stochastic
overrelaxation algorithm is used, analogous to the Landau-
gauge case [27]. One should note that the required number
of gauge-fixing sweeps increases with decreasing .
Hence, simulations at smaller and smaller  become com-
putationally more and more expensive. Although the num-
ber of gauge-fixing sweeps can be decreased by multiple
updates of each individual time-slice before changing the
time-slice, this does not decrease the total computing time
needed, due to the increase of the number of updates on
single time-slices.
Thus, we limit our systematic investigations here to
  102. Nevertheless, checks on small volumes down
to  ¼ 103 do not show any qualitatively new effects.
We distinguish furthermore between three types of
Coulomb-gauge fixing:
(i) Simple Coulomb gauge, defined by setting  to 0.
(ii) Complete Coulomb gauge, defined by fixing
the residual (perturbative) gauge freedom in
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the simple Coulomb gauge in a Landau-like
manner [6].
(iii) Limiting Coulomb gauge, defined by the limit
! 0. Note that while this limit is well-defined
in the sense of a gauge condition, the individual
Green’s functions do not necessarily have a
pointwise-smooth limit.1
The last two versions of the Coulomb-gauge should coin-
cide in the limit of ! 0 [6]. As will be discussed at the
end of Sec. IV, in the infinite-volume limit also the first two
definitions should coincide. Thus, all three should coincide
in the infinite-volume case, and our aim is to see how this
equivalence emerges, and to which degree it holds at finite
volume. We will determine the gluon propagator and the
color-Coulomb potential for these three different prescrip-
tions of fixing the Coulomb gauge. In all cases, the results
coincide, as far as resolvable. This will be discussed in
more detail below.
The details of the configurations employed for the de-
termination of the propagator are given in Table I. Not all
configurations have been used in the figures. The remain-
ing ones have been obtained to investigate various aspects,
TABLE I. Information on the configurations considered in our numerical simulations. The value ‘‘0 fixed’’ for  denotes the case
when the residual gauge freedom (after setting  to 0) is fixed according to [6]. The value of the lattice spacing a has been taken from
[28] for the three-dimensional case and from [29,30] for the four-dimensional case. Sweeps indicates the number of sweeps [27]
between two consecutive gauge-fixed measurements. In all cases 200 thermalization sweeps have been performed. More details on the
generation of configurations, error-determination, etc. can be found in [27].
d ¼ 3 dimensions d ¼ 4 dimensions
 N  a1 [GeV] Conf. Sweeps V1=d [fm] N  a1 [GeV] Conf. Sweeps V1=d [fm]
1 40 4.2 1.136 586 50 6.9 22 2.2 0.938 425 50 4.6
1 40 6.0 1.733 689 50 4.5 22 2.5 2.309 532 50 1.9
1 22 2.8 5.930 342 50 0.73
1 40 2.2 0.938 50 8.4
1/2 40 4.2 1.136 466 50 6.9 22 2.2 0.938 380 50 4.6
1/2 40 6.0 1.733 542 50 4.5 22 2.5 2.309 372 50 1.9
1/2 22 2.8 5.930 362 50 0.73
1/10 20 4.2 1.136 481 30 3.5
1/10 20 6.0 1.733 555 30 2.3
1/10 40 4.2 1.136 424 50 6.9 22 2.2 0.938 311 50 4.6
1/10 40 6.0 1.733 461 50 4.5 22 2.5 2.309 370 50 1.9
1/10 22 2.8 5.930 399 50 0.73
1/10 60 4.2 1.136 314 70 10 40 2.2 0.938 50 8.4
1/10 60 6.0 1.733 322 70 6.8 70 2.2 0.938 310 14.7
1/20 40 4.2 1.136 447 50 6.9 22 2.2 0.938 364 50 4.6
1/20 40 6.0 1.733 463 50 4.5 22 2.5 2.309 307 50 1.9
1/20 22 2.8 5.930 409 50 0.73
1/20 40 2.2 0.938 50 8.4
1/20 70 2.2 0.938 336 14.7
1/100 14 2.2 0.938 418 30 2.9
1/100 14 2.5 2.309 420 30 1.2
1/100 40 4.2 1.136 356 50 6.9 22 2.2 0.938 262 50 4.6
1/100 40 6.0 1.733 478 50 4.5 22 2.5 2.309 367 50 1.9
1/100 22 2.8 5.930 332 50 0.73
1/100 32 2.2 0.938 50 6.7
1/100 40 2.2 0.938 50 8.4
1/100 70 2.2 0.938 116 14.7
0 40 4.2 1.136 375 50 6.9 22 2.2 0.938 327 50 4.6
0 40 6.0 1.733 352 50 4.5 22 2.5 2.309 340 50 1.9
0 22 2.8 5.930 319 50 0.73
0 fixed 40 4.2 1.136 377 50 6.9 22 2.2 0.938 434 50 4.6
0 fixed 40 6.0 1.733 314 50 4.5 22 2.5 2.309 309 50 1.9
0 fixed 22 2.8 5.930 401 50 0.73
1However, our results suggest that the limit is smooth except at
p ¼ 0.
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such as finite-size effects. In these cases, the results are just
stated in the text. The configurations used for the calcu-
lation of the color-Coulomb potential and associated quan-
tities are listed in Table II.
III. PROPAGATORS IN -GAUGES
Setting  to a value different from 1 yields a gauge
condition (1) that is no longer manifestly Lorentz
(Euclidean) invariant. Thus, as in Coulomb gauge, the
energy p0 and the spatial momentum j ~pj have to be con-
sidered as independent variables.
Furthermore, the gluon is a vector particle. Hence, it is
no longer possible to describe it by a single scalar function
as in Landau gauge, but two independent ones are required.
For practical purposes we choose these two independent
functions to be2
D00ðp0; j ~pjÞ ¼ 1ðN2c  1Þ
hAa0Aa0i; (4)
Dtrðp0; j ~pjÞ ¼ 1ðN2c  1Þðd 2Þ


ij 
pipj
p20 þ ~p2

hAai Aaj i; (5)
where i and j run only over spatial indices.Dtr is evaluated
at zero d 1-momentum, and thus also at zero
d-momentum, by setting the second term in the above
projector to zero and multiplying by ðd 2Þ=ðd 1Þ.
This yields a unique and smooth limit from any direction
for vanishing d-momentum. Note that at  ¼ 0, the second
term in (5) is not contributing, since in this case piAi ¼ 0,
due to the Coulomb gauge condition. The relation to the
conventional choice in DSE studies [22] is detailed in
Appendix A 1.
Herein, the gluon field Aa in momentum space is ob-
tained from the position-space variables by
AaðpÞ ¼ eiP=N
X
X
e2iðPX=NÞAaðxÞ;
where on a finite lattice the components P of P have the
integer values N=2þ 1; . . . ; N=2 and the components
X of X are the (integer) coordinates in the lattice ranging
from 0 to N  1. The physical momenta p to which the
integer lattice ones P correspond are
p ¼ 2a sin
P
N
:
The ghost propagator DGðp0; j ~pjÞ is, as in Landau
gauge, defined by the Fourier transform of the inverse
Faddeev-Popov operator (3). As this operator is symmetric,
the inversion can be done using a conjugate gradient
method, as in ordinary Landau gauge [27]. To determine
TABLE II. Configurations used for the determination of the
color-Coulomb potential and the residual-gauge-symmetry order
parameter. For details, see Table I. All calculations have been
performed in four dimensions. The columns with various ’s
indicate the number of configurations used. The number of
sweeps was always 50.
 N  ¼ 2:2  ¼ 2:5  ¼ 2:8
V1=d [fm]
at  ¼ 2:2
1 4 188 188 188 0.84
1 6 190 190 190 1.3
1 8 191 191 191 1.7
1 10 192 192 192 2.1
1 12 193 193 193 2.5
1 16 195 195 195 3.4
1 20 196 196 196 4.2
1 24 104 197 5.0
1/10 4 188 188 188 0.84
1/10 6 190 190 190 1.3
1/10 8 191 191 191 1.7
1/10 10 192 192 192 2.1
1/10 12 193 193 193 2.5
1/10 16 195 195 195 3.4
1/10 20 180 196 196 4.2
1/10 24 94 298 197 5.0
1/100 4 188 188 188 0.84
1/100 6 190 190 190 1.3
1/100 8 191 191 191 1.7
1/100 10 192 192 192 2.1
1/100 12 193 193 193 2.5
1/100 16 100 195 195 3.4
1/100 20 40 192 138 4.2
1/100 24 29 197 197 5.0
0 4 188 188 188 0.84
0 6 190 190 190 1.3
0 8 191 191 191 1.7
0 10 192 192 192 2.1
0 12 193 193 193 2.5
0 16 195 195 195 3.4
0 20 115 196 196 4.2
0 24 70 197 197 5.0
0 fixed 4 188 188 188 0.84
0 fixed 6 190 190 190 1.3
0 fixed 8 191 191 191 1.7
0 fixed 10 192 192 192 2.1
0 fixed 12 193 193 193 2.5
0 fixed 16 195 195 195 3.4
0 fixed 20 82 196 196 4.2
0 fixed 24 90 197 197 5.0
2Note that these are essentially the same definitions as were
used in [6], since there only the case p0 ¼ 0 has been inves-
tigated. This definition has been chosen for numerical conve-
nience. See Appendix A 1 for the relation to the definition of [22]
and a general decomposition.
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the renormalization effects in four dimensions, it is
furthermore useful to define the dressing function G via
DGðp0; j ~pjÞ ¼ 1
p20 þ ~p2
Gðp0; j ~pjÞ: (6)
Thereby, the tree-level part 1=ðp20 þ ~p2Þ of the propaga-
tor is explicitly factored out.
A. Propagators in 3 dimensions
In three space-time dimensions, Yang-Mills theory in
-gauges is, as in Landau gauge, finite on the level of
correlation functions. Hence no renormalization effects
occur. In particular, the gauge parameter  is not different
from its tree-level value.
It is worthwhile to study the three different propagators,
the one of the transverse gluon (5), the one of the temporal
gluon (4), and the one of the ghost (6), individually.
The transverse gluon propagator is shown for various
kinematic configurations and values of  in Fig. 1. There
are a number of interesting observations, outlined next.
With respect to the spatial momentum, the clearly dis-
tinct maximum of the transverse gluon propagator in
Landau gauge moves towards larger momenta with de-
creasing , albeit rather slowly. As for the dependence
on the temporal momentum, the dependence on p0 be-
comes flat at low momenta and the flat region becomes
more extended when decreasing . However, the p0 ¼ 0
point is always lower, and may be influenced differently by
finite-size effects. Already at  ¼ 1=10, the maximum
seems to be gone. The propagator at  ¼ 1=100 is even
more similar to the one of a massive particle. This is,
however, a finite-volume effect. A comparison of different
volumes, presented in Fig. 2, shows that the volumes in
Fig. 1 are too small to resolve the position of the maximum
at  & 1=10. It is visible that the maximum reappears at
smaller momenta on a larger volume. Corresponding cal-
culations to track the maximum at even lower values of 
become, however, exceedingly costly.
For all three types of Coulomb gauge the transverse
gluon propagators as functions of spatial momentum coin-
cide. This is not surprising. Quantities that are only defined
on a given time-slice, such as the spatial gluon propagator,
should be independent of how the inter-time-slice gauge
degree of freedom is fixed. Therefore, in the figures only
one case, that of the simple Coulomb gauge, is shown.
We thus see that, in 3d Coulomb gauge, the transverse
propagator for spatial momenta is similar to the one ob-
tained in four dimensions in simple Coulomb gauge [31]. It
has a maximum and is infrared-suppressed.
On the other hand, the transverse propagator as a func-
tion of energy in Coulomb gauge is approximately con-
stant. In the simple Coulomb gauge this is a consequence
of the unfixed residual gauge degree of freedom. That this
persists even in the case of fully-fixed Coulomb gauges is
not trivial [6], but has been deduced also in functional
studies [32]. In any case, in the alternative ways to fix
the remaining gauge freedom, the gauge condition cannot
impose a strict constraint on the gluon fields on any given
configuration.3 Hence, the fields still wash out when aver-
aged over configurations, leaving only an instantaneous
propagator. For this reason, the propagator is constant as
a function of the energy. This is observed in all three types
of Coulomb gauge and shown in Fig. 1 for the simple-
Coulomb case. Note that this argument does not apply to
the zero-energy mode. This mode coincides with the zero
mode depending on spatial momenta, leading to the same
value at zero d-momentum for the propagator, irrespective
of the dependence on spatial momentum or on energy. If
the propagator as a function of spatial momentum thus
vanishes in the infinite-volume limit, it may have a dis-
continuity at zero as a function of energy.
Concluding, the spatial propagator DtrðpÞ is instanta-
neous and infrared-suppressed in all versions of the
Coulomb gauge considered here.
Although not shown, a further observation is that for the
spatial propagator as a function of ~p the dependence on 
at fixed lattice size weakens with decreasing . However, at
the same time the -dependence increases for momenta
along the time direction. This can indicate either a change
in the volume dependence of the propagators with a change
in , or a different -dependence. The former is more
likely, as can be seen in Fig. 2: The volume dependence
is stronger than in corresponding calculations in Landau
gauge in three dimensions [27,28]. It is furthermore visible
that the -dependence diminishes with increasing volume,
making it more probable that this is a finite-volume effect,
rather than a finite- effect.
The case of the temporal propagator is at the first glance
a bit simpler, as D00ðp0; 0Þ vanishes identically for p0  0
due to the gauge condition. The remaining results are
shown in Fig. 3. As a function of spatial momenta, the
maximum moves towards smaller momenta with decreas-
ing . Again, already at  ¼ 1=10, resolving the maximum
is no longer possible for these volumes. At the smallest
values of , the propagator looks more like a divergent
function, rather than an infrared-suppressed function, ex-
cept at the zero-momentum point for finite . However,
this is again only a finite-volume effect, as is visible in
Fig. 4. This changes drastically for the Coulomb gauges,
where the propagator diverges for ~p! ~0, independently of
p0, as it does already in perturbation theory. Thus, for all
three definitions of Coulomb gauge the infrared-divergent
gluon propagator is recovered. Note, in particular, that also
the value at p ¼ 0 is nonvanishing in the Coulomb limit.
Furthermore, the limit ! 0 is thus discontinuous for
3Consider, e.g., @0A0 ¼ 0. Such a constraint is only fulfilled
on average, h@0A0i ¼ 0. The integrated constraint
@0
R
dd1xiA0ðx0; xiÞ ¼ 0 is, however, true for any individual
configuration.
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FIG. 1. The transverse gluon propagator Dtr for different values of  and different kinematic configurations, in the 3d case on a
403 lattice. The top left panel is the propagator as a function of pure spatial momenta ~p, the top right panel of pure temporal
momenta p0. The spatial momenta are measured along the x-axis. Results shown are for  ¼ 1, i.e. Landau gauge (circles),
 ¼ 1=2 (crosses),  ¼ 1=10 (squares),  ¼ 1=20 (triangles),  ¼ 1=100 (stars) and  ¼ 0 (upside-down triangles). The lower
panels show the full momentum dependence at  ¼ 1 (middle-left panel),  ¼ 1=10 (middle-right panel),  ¼ 1=100 (bottom-left
panel), and  ¼ 0 (bottom-right panel). All results are at  ¼ 4:2. Also,  ¼ 0 corresponds to the simple-Coulomb-gauge case.
Results at  ¼ 6:0 look similar, but are more strongly affected by finite-size effects. (Note that scales on vertical axes are
different in individual subfigures.)
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vanishing spatial momentum. It is, however, smooth for
any nonvanishing spatial momentum. Concluding, the
propagator is found to be instantaneous in all three
Coulomb gauge definitions.
Finally, the ghost propagator is shown in Fig. 5. The
dependence on  is clearly seen to increase with a decreas-
ing ratio of p0=j ~pj. There is essentially no -dependence at
p0 ¼ 0. Furthermore, as in Landau gauge, always a strong
infrared enhancement is visible. Hence, the most interest-
ing case is the one of pure temporal momenta.
In this case the propagator seems (to leading order)
to be scaled by a constant factor, which is both - and
-dependent. This is tested explicitly in Fig. 6. Multiplying
the dressing function by , with  chosen to be 0.15 for
 ¼ 4:2 and 0.1 for  ¼ 6:0, yields roughly agreeing
dressing functions. This is a genuine -dependent effect,
as the same exponents appear on a 203 lattice at the same
values of . So far, this is a pure observation, yielding an
effective dependency both on  and .
Towards the origin of this effect, both dependencies
have different possible, though highly speculative,
interpretations.
First, there is a  dependence at zero spatial momentum.
This effect is rather manifest, given the results shown in
Fig. 5. The interesting question is of what type this 
dependency is. Despite the poor statistics, Fig. 6 suggests
Gðp0; 0Þ  1 ;
within the range of lattice parameters employed here. Now
add to this that lattice calculations [7] in Coulomb gauge
find this dressing function to be divergent for ~p! 0, which
is also consistent with the results here and the Gribov-
Zwanziger scenario [4,33]. Then such a dependence on 
indeed smoothly yields a divergence for all spatial mo-
menta in the Coulomb gauge limit, while having a non-
trivial dependence on the spatial momentum for all finite
values of . Of course, if the dressing function should be
finite in the Coulomb gauge limit, this behavior has to die
out towards the Coulomb gauge limit in such a way as that
the ghost dressing functions becomes energy-independent
in the limit.
Second, the observation that the exponent should be
-dependent is rather surprising, given that the theory is
finite. This may be a pure lattice artifact, given the not
optimal statistics and the limited range of lattice parame-
ters available here. However, it is interesting to speculate
about an alternative scenario.
If Coulomb gauge should be well-defined, then it must
be renormalizable. Given the experience in perturbation
theory [34], this will likely imply both additive and
multiplicative renormalizations. Make the following two
assumptions for the moment: 1.) Coulomb gauge is well-
defined and (possibly nonperturbatively) renormalizable.
2.) The interpolating gauge provides a smooth limit. The
latter cannot be true if the interpolating gauges show a
strictly Landau-like renormalization behavior, i. e., no
renormalization is necessary for the three-dimensional
case. However, it is admissible, and compatible with the
appearance of -dependent effects that while the correla-
tion functions in the interpolating gauge are strictly finite,
finite renormalizations are still necessary in the continuum
limit. These finite renormalization constants would then
diverge in the Coulomb gauge and continuum limit. At the
moment, this is pure speculation, and would require an
extensive study of the -dependence of the correlation
functions, in particular, if the divergences should be only
logarithmic. Also, one or both assumptions could be false,
and finally lattice artifacts could mask this behavior even if
it should be there. This concludes the speculations.
It is not possible with the method used here to
determine the ghost propagator in the case of  ¼ 0,
as the corresponding Faddeev-Popov operator is differ-
ent from (3). In this case, it would be necessary to
invert the Faddeev-Popov operator in the subspace or-
thogonal not only to constant gauge transformations, as
in Landau gauge [27], but also to all purely temporal
gauge transformations. If, however, the limiting
Coulomb gauge ! 0, the simple and the complete
Coulomb gauges with  ¼ 0 coincide also for the ghost
propagator (as in the case of the gluon propagator), then
an infrared-divergent, instantaneous ghost propagator
would be obtained. This is the limiting behavior that
is suggested from Fig. 5.
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FIG. 2. The transverse gluon propagatorDtr as a function of p0
at  ¼ 1=10 for different volumes, in the 3d case. Open and full
symbols correspond to  ¼ 6:0 and  ¼ 4:2, respectively. The
lattice sizes are 203 (circles), 403 (squares), and 603 (triangles).
Note that the results at the two different  values coincide
outside the range affected by finite-volume effects, within the
accuracy of the calculations. This shows that at finite  no
additional renormalization effects appear in three dimensions.
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FIG. 3. The temporal gluon propagator D00 for different values of  and different kinematic configurations, in the 3d case on a 40
3
lattice. The top-left panel is the propagator as a function of pure spatial momenta ~p. The momenta are measured along the x-axis.
Results shown are for  ¼ 1, i.e. Landau gauge (circles),  ¼ 1=2 (crosses),  ¼ 1=10 (squares),  ¼ 1=20 (triangles),  ¼ 1=100
(stars), and  ¼ 0 (upside-down triangles). The panels below show the full momentum dependence at  ¼ 1 (middle-left panel),
 ¼ 1=10 (middle-right panel),  ¼ 1=100 (bottom-left panel), and  ¼ 0 (bottom-right panel). All results are at  ¼ 4:2. Also,
 ¼ 0 corresponds to the simple-Coulomb-gauge case. Results at  ¼ 6:0 look similar, but are more strongly affected by finite-size
effects. (Note that scales on vertical axes are different in individual subfigures.)
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Concluding, the results show how the propagators
evolve smoothly with  from a Landau-like behavior to a
Coulomb-like behavior. However, below a certain momen-
tum, which decreases with decreasing , the propagators
always show qualitatively a Landau-like behavior. In par-
ticular, the temporal propagator as a function of spatial
momenta shows a more and more diverging behavior, as in
Coulomb gauge, at intermediate momenta, before becom-
ing infrared-suppressed, as in Landau gauge. On the other
hand, the transverse propagator as a function of transverse
momenta becomes more and more infrared-suppressed, as
it is in Coulomb gauge. Finally, the ghost propagator as a
function of pure temporal momenta shows a rather pro-
nounced dependence on  and .
All in all, the propagators show a smooth development
towards a Coulomb-like behavior in an intermediate mo-
mentum regime. Only in the far infrared does the original
Landau-like behavior persist. The limit ! 0 thus corre-
sponds to the limit in which the onset momentum of
Landau-like behavior is moved towards zero-momentum.
As the Coulomb-like behavior and the Landau-like behav-
ior are different, this limit is not smooth on the level of
correlation functions. These results agree qualitatively
with the naive momentum-rescaling argument of [6].
An interesting observation is the coincidence of the three
different definitions of the Coulomb gauge. While the
simple Coulomb gauge leaves the component A0 com-
pletely unfixed, the limiting and the complete Coulomb
gauge fix this component. However, in both cases the gluon
propagators coincide within statistical errors. That is a
consequence of the additional constraint not being a
local condition on the fields. It only ensures @0A0 ¼ 0 on
average, just as in the case of an unfixed temporal direc-
tion. To completely understand the properties of the limit
of the interpolating gauge, this has to be investigated
further, but is already in line with arguments from func-
tional calculations [32].
B. Propagators in 4 dimensions
The situation in four space-time dimensions turns out to
be qualitatively the same as in three dimensions. Still,
quantitatively, differences appear. One is due to the fact
that finite-volume effects are harder to control, since cal-
culations are in general more costly. The second is the need
for renormalization even outside the Coulomb gauge: The
theory is no longer finite in four dimensions. This point
makes the situation a bit more intricate, as the gauge
parameter  also gets renormalized by a renormalization
constant Z. This influences of course the definition of the
ghost dressing function (6). In addition, the ghost dressing
function itself gets renormalized by the wave-function
renormalization constant ~Z3. The corresponding relative
renormalization constants between two -values will be
determined by
~Z3ð1Þ
~Z3ð2Þ
¼ DGð0; j ~pj; 1Þ
DGð0; j ~pj; 2Þ (7)
Zð1Þ
Zð2Þ
 DGðp0; 0; 2Þ
DGðp0; 0; 1Þ
DGð0; j ~pj; 1Þ
DGð0; j ~pj; 2Þ : (8)
The absolute normalization can be chosen at will, and is of
no importance here. The second relation is based on (6),
and would be exact only if the dressing function did not
depend on . Within the domain of perturbation theory,
this dependence exists, but is only logarithmic. For the
quite similar values of  employed here, relation (8) is
hence an acceptable approximation at sufficiently large
momenta.
In case of the gluon propagator, the corresponding ratios
of renormalization constants will be defined by
Ztr3 ð1Þ
Ztr3 ð2Þ
¼ D
trð0; j ~pj; 1Þ
Dtrð0; j ~pj; 2Þ ; (9)
Z03ð1Þ
Z03ð2Þ
¼ D00ð0; j ~pj; 1Þ
D00ð0; j ~pj; 2Þ : (10)
Note that due to the lack of Euclidean invariance both
propagators have to be renormalized separately [2,3], and
therefore independent wave-function renormalization con-
stants Ztr3 for the transverse gluon propagator and Z
0
3 for the
temporal gluon propagator have to be introduced. This is in
contrast to Landau gauge. Also, note that when reaching
Coulomb gauge the combination g2D00 is a renormaliza-
tion group invariant, and the corresponding inverse renor-
malization constant of the propagator alone yields the
renormalization of the coupling constant [2].
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FIG. 4. The temporal gluon propagatorD00 as a function of j ~pj
at  ¼ 1=10 for different volumes, in the 3d case. Open and full
symbols correspond to  ¼ 6:0 and  ¼ 4:2, respectively. The
lattice sizes are 203 (circles), 403 (squares), and 603 (triangles).
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The approximate renormalization constants are given in
Table III. The ratios for the transverse and the temporal
part of the gluon propagator are found to be essentially
equal, and thus only one is listed. Of course, these ratios
cannot be determined precisely, as the same momenta are
not available for different lattices. The renormalization
has been performed to obtain a smooth connection at
the largest edge-momentum of the lattice with the larger
FIG. 5. The ghost dressing function G for different values of  and different kinematic configurations, in the 3d case on a 403 lattice.
The top-left panel is the propagator as a function of pure spatial momenta ~p, the top-right panel of pure temporal momenta p0. The
spatial momenta are measured along the x-axis. Results shown are for  ¼ 1, i.e. Landau gauge (circles),  ¼ 1=2 (crosses),  ¼ 1=10
(squares),  ¼ 1=20 (triangles), and  ¼ 1=100 (stars). The lower panels show the full momentum dependence at  ¼ 1 (middle-left
panel),  ¼ 1=10 (middle-right panel), and  ¼ 1=100 (bottom-left panel). All results are at  ¼ 4:2. Also,  ¼ 0 corresponds to the
simple-Coulomb-gauge case. Results at  ¼ 6:0 are essentially identical.
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physical volume at the same lattice volume.4 In addition,
statistical fluctuations and systematic errors also prevent a
precise measurement within the present scope, so these
results are more qualitative than quantitative. However, the
error on the ratio is of the same size as the statistical and
systematic errors of the propagators, and thus a few, up to
ten, percent for statistical errors and similarly for the
systematic errors. The absolute normalization is chosen
not to change the results at  ¼ 2:5.
These results indicate that the wave-function renormal-
ization constants do not depend markedly on . This is
depicted for the case of the transverse gluon propagator in
Fig. 7. However, the renormalization constant of  itself
depends on . This was somewhat anticipated. When
moving further away from a fixed point of the renormal-
ization group, renormalization effects should become
stronger and stronger with ‘‘distance’’. That Landau gauge
is a fixed point is explicitly demonstrated by the decrease
in Z with increasing . From here on, only renormalized
results will be shown.
Aside from these renormalization effects, the results in
four dimensions show the same qualitative behavior as in
three dimensions. However, this is only true when compar-
ing roughly the same volumes, or, in fact, slightly smaller
volumes in the three-dimensional case, to the volumes
available in four dimensions. In particular, nearly none of
the infrared effects visible in three dimensions can (yet?)
be seen at the volumes used in four dimensions. One
important exception below will be the transverse gluon
propagator as a function of transverse momentum at very
small . This has already been discussed previously in [6].
Hence, here only a more compact presentation of the
results will be given compared to the one in three dimen-
sions in the previous section. In particular, as the results for
nonvanishing energy and nonvanishing spatial momenta
only interpolate smoothly between different behaviors if
one of them is zero, here only these cases will be shown. Of
course, in these kinematic configurations the results also
look qualitatively similar to the three-dimensional case.
The results for the transverse gluon propagator are
shown in Fig. 8. As a function of spatial momentum j ~pj,
the propagator becomes more and more infrared-
suppressed, as already observed for three dimensions. No
clear maximum is visible at large , owing to the small
volumes in four dimensions. However, for the large vol-
umes at values of   0:1, a shallow maximum is ob-
served. This maximum moves to larger momenta with
decreasing , as in the three-dimensional case. This can
also be seen in a direct comparison of different volumes,
shown in Fig. 9. This confirms the results obtained in [6].
The observed infrared-suppressed gluon propagator in
Coulomb gauge is in accordance with the results of
[7,31,35], though here the momentum-dependent aspects
of renormalization in Coulomb gauge still have to be taken
into account [34].
The behavior as a function of temporal momentum p0 is
also reminiscent of the results in three dimensions. But due
to the restriction in volume the effects are even less pro-
nounced. Still, it is visible how the propagator becomes
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FIG. 6. The rescaled ghost dressing function G for different
values of  for temporal momenta p0, in the 3d case. Symbols
used are the same as in the top row of Fig. 5, with open symbols
corresponding to  ¼ 6:0 and closed to  ¼ 4:2.
TABLE III. Ratios (7)–(9) of the renormalization constants.
The matching condition was a continuous matching at the largest
edge-momenta of the smaller -value. Note that at  ¼ 1 the
gauge parameter is not renormalized because Landau gauge is a
fixed point of the renormalization group. At  ¼ 0 no results on
the ghost propagator are available, see text. At  ¼ 1 the two
gluon renormalization constants coincide trivially. Note that, at
least in the simple Coulomb gauge, it is strictly speaking not
possible to renormalize purely multiplicatively [34].
 1 2
~Z3ð1Þ
~Z3ð2Þ
Zð1Þ
Zð2Þ
Ztr
3
ð1Þ
Ztr
3
ð2Þ 
Z0
3
ð1Þ
Z0
3
ð2Þ
1 2.2 2.5 1.12 1 1.23
1 2.5 2.8 1.08 1 1.28
0.5 2.2 2.5 1.12 0.95 1.23
0.5 2.5 2.8 1.09 0.95 1.28
0.1 2.2 2.5 1.12 0.65 1.23
0.1 2.5 2.8 1.10 0.91 1.28
0.05 2.2 2.5 1.12 0.55 1.23
0.05 2.5 2.8 1.11 0.83 1.28
0.01 2.2 2.5 1.12 0.4 1.23
0.01 2.5 2.8 1.12 0.77 1.28
0 2.2 2.5 0.65
0 2.5 2.8 0.74
4The ultraviolet properties of the gluon propagator are only
weakly affected by finite-volume effects. Hence, the difference
of physical volume can be ignored for the purpose of determin-
ing the renormalization constants at ultraviolet momenta.
YANG-MILLS THEORY IN  GAUGES PHYSICAL REVIEW D 84, 114501 (2011)
114501-11
flatter with decreasing  and is constant at  ¼ 0, except at
zero momentum.
Hence, up to the effects of the smaller volumes and
renormalization, the transverse gluon propagator behaves
qualitatively as in three dimensions. In particular, as a
function of spatial momentum, it becomes more infrared-
suppressed with decreasing .
The results for the temporal gluon propagator are shown
in Fig. 10. The situation is essentially the same as in three
dimensions. The propagator as a function of spatial mo-
menta becomes more and more enhanced in the infrared.
Of course, for the volumes accessible here, it is not pos-
sible to check whether it then bends over again in the
far infrared, as it was observed in three dimensions in
sufficiently large volumes. When adding a dependence
also on the temporal momenta, it is found that the propa-
gator increases with decreasing  as well. Note that this
implies a much stronger falloff towards zero temporal
momenta, which always occurs due to the gauge condition
for vanishing spatial momenta.
The dependence on volume is less pronounced (and less
spectacular so far) than in case of the spatial gluon propa-
gator, and hence will not be shown explicitly.
Finally, the ghost dressing function is shown in Fig. 11.
It shows a clearly infrared enhanced behavior at small
momenta, essentially unaltered compared to Landau
gauge. Only in the pure temporal case is an additional
increase with  for all momenta observed which is not a
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FIG. 7. Renormalization effects for the zero-energy transverse propagator for four different values of . All results are form 224
lattices at  ¼ 2:2 (circles),  ¼ 2:5 (squares), and  ¼ 2:8 (triangles). Open symbols are the unrenormalized results and filled
symbols have been renormalized using the renormalization constants in Table III, using the method described in the text. Note that for
the reference propagator at  ¼ 2:5 full and open symbols coincide.
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pure renormalization effect, but instead similar to the
situation in three dimensions.
As in three dimensions, it is possible to let all curves at
~p ¼ ~0 collapse by multiplying with . In contrast to three
dimensions, the exponent  is essentially -independent,
as a consequence of renormalization. It increases slowly
with , more or less leveling off at the smallest achieved 
value at around   0:08. This rescaling leads to an ap-
parent weaker divergence of the ghost dressing function.
However, with such a small , the effect is rather weak.
Thus the results in four dimensions are, up to finite-
volume effects, qualitatively the same as in three dimen-
sions. When decreasing  then at least at midmomenta
a Coulomb-like behavior is observed. In particular, the
transverse gluon propagator as a function of spatial mo-
mentum becomes more infrared-suppressed, the temporal
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FIG. 8. The transverse gluon propagator Dtr for different val-
ues of . The top panel is the propagator as a function of pure
temporal momenta p0, the bottom panel of pure spatial momenta
~p. The spatial momenta are measured along the x-axis. Results
shown are for  ¼ 1, i.e. Landau gauge (circles),  ¼ 1=2
(crosses),  ¼ 1=10 (squares),  ¼ 1=20 (triangles),  ¼
1=100 (stars), and  ¼ 0 (upside-down triangles). All results
are at  ¼ 2:2. Also,  ¼ 0 corresponds to the simple-Coulomb-
gauge case. Results at larger  look similar, but are more
strongly affected by finite-size effects. In case of the spatial
momenta, the results for  ¼ 1 come from a lattice of size 404,
while  ¼ 1=10,  ¼ 1=20, and  ¼ 1=100 are from a lattice of
size 704. In all other cases, the lattice size was 224.
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FIG. 9. The transverse gluon propagator Dtr as a function of
j ~pj at  ¼ 1=100 for different volumes, in the 4d case. Circles,
squares, triangles, stars, and open circles correspond to systems
of size 144, 224, 324 (from [6]), 404, and 704, all at  ¼ 2:2.
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FIG. 10. The temporal gluon propagator D00 for different
values of  as a function of pure spatial momenta ~p, in the 4d
case. The momentum is measured along the x-axis. Symbols
have the same meaning as in Fig. 8.
YANG-MILLS THEORY IN  GAUGES PHYSICAL REVIEW D 84, 114501 (2011)
114501-13
propagator as function of spatial momentum becomes
more midmomentum enhanced. The ghost seems to be
more or less inert, but as it is the quantity usually least
affected by changes which are effectively volume changes,
this is not surprising.
For Coulomb gauge the same applies, as was already
said in the three-dimensional case: On the level of the
gluon propagators all definitions of the Coulomb gauge
are indistinguishable. This approach can be made even
quantitative, e. g. by comparing the gluon propagator as a
function of spatial momentum defined according to (5)
with the would-be Coulomb gauge propagator, i.e. the
time-average of (5)
DCðj ~pjÞ ¼X
t

ij 
pipj
~p2
 hAai ðt; ~pÞAaj ðt; ~pÞi
ðN2c  1Þðd 2ÞV
: (11)
The aim of this comparison is to show how the gluon
propagator in the  gauges quantitatively moves towards
the one in simple Coulomb gauge in the limit of ! 0.
This is shown in Fig. 12. It is explicitly visible how the
transverse gluon propagator tends to the instantaneous one,
in particular, in the infrared when taking the limit ! 0.
In the figure, the comparison is made for p0 ¼ 0, where the
Coulomb-like behavior of the propagator emerges quicker
with decreasing , compare Fig. 1. For p0 > 0, the devia-
tions would be stronger, but would eventually also vanish
for sufficiently small . In fact, at the smallest nonvanish-
ing momenta the rate of approach observed is roughly
proportional to the unrenormalized  for  < 1, as can
be read off Fig. 12.
IV. COULOMB POTENTIAL
One remarkable property of Coulomb gauge is the ex-
istence of an upper bound to the conventional Wilson
potential in terms of a gauge-dependent quantity, the so-
called color-Coulomb potential [8]. This condition is often
called informally the ‘‘no-confinement-without-Coulomb-
confinement’’ one, and has been repeatedly studied
[9,25,36].
The Coulomb potential can be straightforwardly defined
by use of link variables as
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FIG. 12. The ratio of the transverse zero-energy gluon propa-
gator (5) to the instantaneous would-be Coulomb-gauge propa-
gator (11) as a function of spatial momentum for  ¼ 1 (circles),
 ¼ 1=10 (squares),  ¼ 1=20 (triangles), and  ¼ 1=100
(stars). The lattice was of size 404 at  ¼ 2:2.
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FIG. 11. The ghost dressing function G for different values of
 as a function of pure spatial momenta ~p, in the 4d case, in the
top panel. The dependence on pure temporal momenta p0 is
given in the bottom panel. Results shown are for  ¼ 1, i.e.
Landau gauge (circles),  ¼ 1=2 (crosses),  ¼ 1=10 (squares),
 ¼ 1=20 (triangles), and  ¼ 1=100 (stars), all at  ¼ 2:2 on a
224 lattice. Results at larger  are essentially identical.
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VCðR; 0Þ  E0 ¼  ln

1
2
trðU0ð ~x; tÞUþ0 ð ~y; tÞÞ
Rj ~x ~yj;
(12)
where E0 is a constant energy offset, which can be removed
by renormalization of the potential. For convenience, it is
here always chosen such that the Coulomb potential is zero
at zero distance. Of course, this identification is only
possible up to Oða2Þ, but studies at various  indicated
that the effects are small, but discernible. However, they
affected essentially only the value of the string tension, but
neither the functional shape of VC, nor its dependence on ,
and an extensive analysis is therefore skipped.
The result is shown in Fig. 13. It is clearly visible that the
color-Coulomb potential for all gauges, except Coulomb
gauge, is asymptotically flat. However, with decreasing ,
a linear rise is seen initially at small distances. Finally, all
three possible definitions of the Coulomb gauge, simple
Coulomb gauge, fully-fixed Coulomb gauge, and the limit
! 0 coincide in case of the color-Coulomb potential.
This result corroborates therefore the finding that corre-
lation functions in interpolating gauges at small distances
behave Coulomb-gauge-like, and only at large distances
revert back to a Landau-gauge behavior. Hence, at short
range, the interpolating gauges are almost Coulomb-like.
The notion of small is therefore necessarily set to be of
order 1=ðYMÞ, though, of course, the functional shape
could be different. This is only an estimate, but in line with
the interpretation given in [6].
The fact that once more all three implementations of
Coulomb gauge are the same is at this point not surprising.
However, there exists an order parameterQ for the residual
gauge freedom of Coulomb gauge, defined as [9]
Q ¼ 1
Nt
XNt
n¼1
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
tr ~UðtÞ ~UðtÞ
s 
~UðtÞ ¼ 1
NxNyNz
X
x;y:z
U0ðx; tÞ:
(13)
If for NxNyNzNt ! 1Q is vanishing, the residual-gauge
symmetry is unbroken. Since it has been shown that this is
equivalent to a nonzero Coulomb string-tension [9], it is
possible to anticipate from Fig. 13 already the result thatQ
will vanish for all definitions of the Coulomb gauge. In
fact, this is seen in the results presented in Fig. 14. In all
definitions of the Coulomb gaugeQ vanishes with volume.
This also implies that although the residual gauge symme-
try has been fixed in the fully-fixed version of Coulomb
gauge and by taking the limit of the interpolating gauge,
the residual-gauge symmetry is not broken on average. On
the other hand, for all gauges except Coulomb gauge it is
once more visible how for decreasing  at small volumes
first a Coulomb-like pattern emerges before the original
Landau-gauge pattern, with broken residual gauge symme-
try, becomes manifest.
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FIG. 13. The color-Coulomb potential (12) as a function of
distance on a 244 lattice at  ¼ 2:2. Other volumes and discre-
tizations follow the expected pattern. The gauges are  ¼ 1
(circles),  ¼ 1=10 (squares),  ¼ 1=100 (stars), simple
Coulomb gauge (upside-down-triangles) and fully-fixed
Coulomb gauge (triangles).
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FIG. 14. The remnant-residual-symmetry order parameter Q
(13) as a function of L ¼ aNx at  ¼ 2:2. Though the prefactors
appearing are strongly -dependent, as investigations at  ¼ 2:5
and  ¼ 2:8 have shown, the functional behavior remains the
same. The gauges are  ¼ 1 (circles),  ¼ 1=10 (squares),  ¼
1=100 (stars), simple Coulomb gauge (upside-down-triangles)
and fully-fixed Coulomb gauge (triangles).
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It should be noted that5 Q ¼ 0 implies ~UðtÞ ¼ 0, i.e., a
zero matrix. The second type of Coulomb gauge, in which
the temporal gauge freedom of Coulomb gauge is fixed in
a Landau-like manner, is actually the condition to mini-
mize [6] X
x;y;z;t
trU0ðx; tÞ /
X
t
tr ~UðtÞ:
In the confining case, this sum is thus always exactly zero
in the infinite-volume limit, and therefore the correspond-
ing gauge-fixing step is trivial. Thus, in the infinite-
volume limit the fully-fixed Coulomb gauge and the
simple Coulomb gauge coincide. That this appears to be
also the case at finite volume, as found here, appears
nontrivial.
V. SUMMARY
Summarizing, a systematic investigation of correlation
functions of Yang-Mills theory in the class of -gauges
interpolating between the Coulomb and the Landau gauge
in three and four dimensions has been performed.
The main result is threefold. On the one hand, the gauge-
parameter interpolating between both gauges parametrizes
a certain length scale. For distances shorter than this scale,
all the determined correlation functions show an essen-
tially Coulomb-like behavior, at least up to momenta
where perturbation theory becomes the dominant contri-
bution. For distances longer than this scale, the behavior is
essentially that as in the Landau gauge. There is no in-
dication that this separation of Coulomb-like and Landau-
like behavior will change for larger volumes and/or finer
discretizations, even though the asymptotic infrared behav-
ior in Landau gauge is still sensitive to such changes.
Furthermore, the investigation of different realizations
of the Coulomb gauge, with and without fixing the resid-
ual gauge degree of freedom, did not show any effect for
any of the correlation functions. This is in accordance
with the reasoning of [6] and of the continuum investiga-
tions in [32].
Finally, the evolution of correlation functions with this
gauge parameter from Landau gauge to Coulomb gauge is
smooth, with the only possible exception of the point at
zero four-momentum for the temporal gluon propagator: In
the interpolating gauge it is forced to vanish there, while in
Coulomb gauge it is expected to diverge. However, for any
nonzero four-momenta, its behavior is smooth.
Thus, the interpolating gauge indeed turns into an inter-
polation of scales. The results interpolate in the far infrared
from a Landau-like behavior over a Coulomb-like behavior
to the perturbative -like behavior. Hence the name of
interpolating gauges is truly justified.
Concluding, it is remarkable that all energy-dependence
is actually vanishing in all definitions of the Coulomb
gauge. Thus, all investigated correlation functions become
time-independent, and therefore do not describe propagat-
ing degrees of freedom, in contrast to physical (bound)
states. In this sense, Coulomb gauge can be regarded as a
physical gauge, for any of the investigated versions.
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APPENDIX A: INFRARED ANALYSIS USING
DYSON-SCHWINGER EQUATIONS
In this Appendix, a connection to the commonly used
framework for interpolating gauges in functional methods
will be made. Furthermore, it will be shown that the
persistence of the Landau-like behavior in the far infrared
(at least for nonperturbative -gauges) allows for a scaling
solution not only in four dimensions, as shown in [22], but
also in three dimensions. This implies that the dichotomy
between the possible types of solutions in the DSEs and the
one found on the lattice remains also in the three-
dimensional case.
1. Relation to functional methods
In functional calculations, it is convenient to use instead
of the quantities D00 and D
tr, defined in Eqs. (4) and (5)
above, different ones. Writing the gluon propagator as (no
summation implied)
D ¼

00  0ð0  1Þp0p
~p2
 ð0  1Þ0
p0p
~p2
þ 2ð0  1Þð0  1Þ
ppp
2
0
~p4

d00
þ ð0  1Þð0  1Þ

 
pp
~p2

dtr; (A1)
defines two scalar functions, d00 and d
tr.
Because of the appearance of j ~pj in the denominator,
this possibility to parametrize the gluon propagator is not
too useful in lattice calculations. The scalar functions d00
and dtr are related to the ones defined in (4) and (5) by5We are grateful to Daniel Zwanziger for pointing this out.
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d00 ¼ D00 dtr ¼ Dtr  2 p
4
0
~p2ðp20 þ ~p2Þ
D00
Dtr ¼ dtr þ 2 p
4
0
~p2ðp20 þ ~p2Þ
d00:
The main difference in the results between both definitions
is that the maximum in spatial (temporal) directions6 is
more pronounced for dtr (Dtr) than for Dtr (dtr), when
comparing both results with the lattice data. For the results
presented in the main text, this is only a weak, quantitative
effect.
2. Infrared solution
The DSEs and their solutions can then be obtained along
the same lines as in four dimensions [22]. Thus, here only
those steps, compared to [22], which are modified com-
pared to the four-dimensional case are shown. The other
steps of the calculation are completely analogous. The
equations are given by
DGðpÞ1 ¼ pp
CAg2
ð2Þ3
Z
d3k pDðkÞ pDGðpþ kÞ
DðpÞ ¼ D	ðpÞDtl	
ðpÞD
ðpÞ
þ CAg2ð2Þ3
Z
d3kD	ðpÞ k	 k
D
ðpÞ
DGðkÞDGðpþ kÞ;
p ¼ Hp ¼ ðp0; ~pÞ; (A2)
using the metric H ¼ diagð; 1; 1Þ, and tl denotes a tree-
level quantity. This is already an approximate system using
the same truncation as in [22]: Only tree-level terms and
the self-consistent leading terms for a scaling solution,
i.e., terms with at least one ghostline, are retained.
Furthermore, a perturbative color structure is assumed.
As in four dimensions [22], Eqs. (A2) and (A3) can be
transformed so that they have the same form as in Landau
gauge. Since the gauge parameter is not renormalized in
three dimensions, it is sufficient to introduce the quantities
d3p ¼ d3 p
Dð pÞ ¼ 1DðpÞ
DGð pÞ ¼ DGðpÞ:
Note that this implicitly defines in general rather compli-
cated functions D and DG. Rewriting Eqs. (A3) and (A4)
in terms of these new variables leads to
DGð pÞ1 ¼ pp CAg
2
ð2Þ3
Z
d3 k pDð kÞ p DGð pþ kÞ
(A3)
Dð pÞ¼ D	ð pÞDtl	
ðpÞ D
ðpÞ
þCAg
2
ð2Þ3
Z
d3 k D	ð pÞ k	 k
 D
ð pÞ
 DGð kÞ DGð pþ kÞ: (A4)
Except for the tree-level terms, this system of equations
looks now formally as in Landau gauge. In the gluon
equation, (A4), the tree-level term will turn out to be
subleading, and can thus be neglected. In case of the ghost
equation, this is in general more subtle. However, when
making an infrared ansatz of type
DGð pÞ  p22

 
p p
p2

Dð pÞ  p2t2;
the system needs to be renormalized to possess a solution.
It is then possible to argue as in four dimensions [22] that
the tree-level term can be removed in the renormalization
process. Thus the system becomes completely equivalent
to the Landau-gauge case, and thus has the same two
solutions [37]
2þ t ¼ 1
2
 ¼  1
2
 ¼ 0:39 . . . (A5)
In particular, this leads to the infrared behavior for the
original functions of
DGðpÞ  1ð ~p2 þ 2p20Þ1
dtrðpÞ  ð ~p2 þ 2p20Þ1t
d00ðpÞ  
3 ~p2
ð ~p2 þ 2p20Þ2t
: (A6)
The ghost diverges at zero p2. Its anomalous scaling with 
for ~p ¼ ~0 is likely directly related to the appearance of the
factor 22 in (A6). The transverse gluon propagator is
consistently suppressed from all directions. The temporal
gluon propagator vanishes identically for ~p ¼ ~0. From all
other directions it is also infrared-suppressed, but this is
seemingly not so much due to the exponent t, but due to the
explicit factor of ~p2 in the numerator. In fact, 2 t is not
larger than zero.
6Spatial directions implies still a nonzero temporal compo-
nent, as otherwise both definitions coincide.
YANG-MILLS THEORY IN  GAUGES PHYSICAL REVIEW D 84, 114501 (2011)
114501-17
[1] R. Alkofer and J. Greensite, J. Phys. G 34, S3 (2007).
[2] L. Baulieu and D. Zwanziger, Nucl. Phys. B548, 527
(1999).
[3] A. Burnel, Lect. Notes Phys. 761, 1 (2008).
[4] V. N. Gribov, Nucl. Phys. B139, 1 (1978).
[5] I.M. Singer, Commun. Math. Phys. 60, 7 (1978).
[6] A. Cucchieri, A. Maas, and T. Mendes, Mod. Phys. Lett. A
22, 2429 (2007).
[7] G. Burgio, M. Quandt, and H. Reinhardt, Phys. Rev. Lett.
102, 032002 (2009); Proc. Sci., CONFINEMENT8 (2008)
066 [arXiv:0812.3842].
[8] D. Zwanziger, Phys. Rev. Lett. 90, 102001 (2003).
[9] J. Greensite, Sˇ. Olejnı´k, and D. Zwanziger, Phys. Rev. D
69, 074506 (2004).
[10] J. Braun, H. Gies, and J.M. Pawlowski, Phys. Lett. B 684,
262 (2010).
[11] S. P. Sorella, Phys. Rev. D 80, 025013 (2009); D. Dudal,
S. P. Sorella, N. Vandersickel, and H. Verschelde, Phys.
Rev. D 79, 121701 (2009).
[12] A. C. Aguilar, D. Binosi, and J. Papavassiliou, Phys. Rev.
D 78, 025010 (2008).
[13] D. Zwanziger, arXiv:0904.2380.
[14] A. Maas, Phys. Rev. D 79, 014505 (2009).
[15] A. Cucchieri and T. Mendes, Phys. Rev. D 81, 016005
(2010); arXiv:0809.2777; Phys. Rev. D 78, 094503 (2008);
Phys. Rev. Lett. 100, 241601 (2008).
[16] L. von Smekal, D. Mehta, A. Sternbeck, and A.G.
Williams, Proc. Sci., LAT2007 (2007) 382
[arXiv:0710.2410]; L. von Smekal, arXiv:0812.0654; L.
von Smekal, A. Jorkowski, D. Mehta, and A. Sternbeck,
Proc. Sci., Confinement8 (2008) 048 [arXiv:0812.2992].
[17] A. Sternbeck and L. von Smekal, Eur. Phys. J. C 68, 487
(2010).
[18] C. S. Fischer, A. Maas, and J.M. Pawlowski, Ann. Phys.
(N.Y.) 324, 2408 (2009).
[19] D. Dudal, N. Vandersickel, H. Verschelde, and S. P.
Sorella, Proc. Sci., QCD-TNT09 (2009) 012
[arXiv:0911.0082].
[20] A. Maas, arXiv:1106.3942.
[21] A. Cucchieri and T. Mendes, Proc. Sci., QCD-TNT09
(2009) 026 [arXiv:1001.2584].
[22] C. S. Fischer and D. Zwanziger, Phys. Rev. D 72, 054005
(2005).
[23] A. Cucchieri, F. Karsch, and P. Petreczky, Phys. Rev. D 64,
036001 (2001); A. Cucchieri and T. Mendes, arXiv:hep-
lat/9902024.
[24] A. Maas, A. Cucchieri, and T. Mendes, Proc. Sci.,
CONFINEMENT8 (2008) 181 [arXiv:hep-lat/0610123];
Braz. J. Phys. 37, 219 (2007).
[25] T. Iritani and H. Suganuma, Phys. Rev. D 83, 054502
(2011).
[26] A. Cucchieri and T. Mendes, Comput. Phys. Commun.
154, 1 (2003).
[27] A. Cucchieri, A. Maas, and T. Mendes, Phys. Rev. D 74,
014503 (2006).
[28] A. Cucchieri, T. Mendes, and A. R. Taurines, Phys. Rev. D
67, 091502(R) (2003).
[29] J. Fingberg, U.M. Heller, and F. Karsch, Nucl. Phys.
B392, 493 (1993).
[30] J. C. R. Bloch, A. Cucchieri, K. Langfeld, and T. Mendes,
Nucl. Phys. B687, 76 (2004).
[31] A. Cucchieri and D. Zwanziger, Phys. Rev. D 65, 014001
(2001).
[32] H. Reinhardt and P. Watson, Phys. Rev. D 79, 045013
(2009).
[33] D. Zwanziger, Nucl. Phys. B412, 657 (1994); Phys. Rev. D
67, 105001 (2003).
[34] P. Watson and H. Reinhardt, Eur. Phys. J. C 65, 567
(2009); Phys. Rev. D 77, 025030 (2008); 76, 125016
(2007).
[35] Y. Nakagawa et al., Phys. Rev. D 79, 114504 (2009).
[36] Y. Nakagawa, A. Nakamura, T. Saito, H. Toki, and D.
Zwanziger, Phys. Rev. D 73, 094504 (2006).
[37] D. Zwanziger, Phys. Rev. D 69, 016002 (2004).
[38] R. Brun and F. Rademakers, Nucl. Instrum. Methods Phys.
Res., Sect. A 389, 81 (1997).
AXEL MAAS, TEREZA MENDES, AND SˇTEFAN OLEJNI´K PHYSICAL REVIEW D 84, 114501 (2011)
114501-18
